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Abstract. In this paper we calculate the finite-size corrections of an anisotropic integrable spin
chain, consisting of spins = 1 ands = % The calculations are done in two regions of the
phase diagram with respect to the two coupliggand¢. In the case of conformal invariance
we obtain the final answer for the ground state and its lowest excitations, which generalizes

earlier results.

1. Introduction

In 1992 de Vega and Woynarovich constructed the first example of a spin chain with
1

alternating spins of the values = 5 ands = 1 [1] on the basis of the well known
XXZ(%) model. We call this modeX X Z(%, 1). Later on many interesting generalizations
were presented [2—4]. After de Vega al [5, 6] we studied theXXZ(%, 1) model in two
subsequent publications [7, 8]. In our last paper [8] we determined the ground state for
different values of the two couplingsand¢ (for the details see section 3 of that paper).
Disregarding two singular lines we have found four regions in the){plane which can

be divided into two classes. The division is made with respect to the occurance of finite
Fermi zones for Bethe ansatz roots. Only the two regions with infinite Fermi zones have
been widely studied [1, 7] in the framework of Bethe ansatz. On that basis we consider
the finite-size corrections for the ground state and its lowest excitations using standard
techniques [9-11]. It is remarkable that they allow us to obtain an explicit answer only in
the conformally invariant cases, which are contained in the two regions considered. The
results can easily be compared with the predictions of conformal invariance.

The paper is organized as follows. Definitions are reviewed in section 2. In section 3
we calculate the finite-size corrections for both couplings negative. The same is done in
section 4 for positive couplings. Here it was necessary tocset ¢ to obtain explicit
answers. Section 5 contains interpretation of the results and our conclusions.

2. Description of the model

We consider the Hamiltonian of a spin chain of lengi¥ @ith N even:
H(y) = EH(y) + EH). (2.1)
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The two Hamiltonians can (implicitly) be found in [1], they both contain a two-site and a
three-site coupling part. Their explicit expressions are rather lengthy and do not provide
any further insights. They include a XXZ-type anisotropy parametrized’hyne restrict
ourselves to O< y < m/2. The isotropic IimitXXX(%,l) is contained in [2]. The
two real coupling constants and ¢ dominate the qualitative behaviour of the model. The
interaction favours antiparallel orientation of spins, for equal signs of the couplings its
character resembles the ordinaxyX Z model. A new kind of competition comes in for
different signs of couplings where the ground state is still a singlet, but with a much more
involved structure.

The Bethe ansatz equations (BAE) determining the solution of the model are

j=1....M (22

sinh(x; + 3iy) sinh(x; +iy) _ sinh(A; — Ax +iy)
sinh(x; — 3iy) sinhGy; —iy) | L5 sinh(y — & —iy)

One can express energy, momentum and spin projection in terms of the BAE\joots

E=CE+¢E
M .
_ 2siny
E = — s —
]; cosh 2, — cosy (2.3)
M .
- 2
o _ Z sin2y
‘— cosh 2, — cos
j=1 /
i U sinh(x; 4 2i sinh(); + i
Py (SR i (SR ) (2.4)
24 sinh(x; — 3iy) sinh(x; —iy)
S, =3N-M. (2:5)

We have defined energy and momentum to vanish for the ferromagnetic state. The
momentum operator was chosen to be half of the logarithm of the two-site shift operator [2],
which is consistent with taking the length of the system Asi@stead ofN.

3. Calculation of finite-size corrections for negative couplings

In section 3 of [8] we carried out a detailed analysis of the thermodynamic Bethe ansatz
equations (TBAE) at zero temperature and obtained the ground state.
We found a large antiferromagnetic region in tlied)-plane (depending op) where
the ground state is formed by roots with imaginary p%ms the so-called (1-) strings.
The Fourier transform of their density is given [7] by

1+ 2coshpy/2)
2costip(mr —y)/2)

Depending on the signs éfandc the region is described by the connection of three parts:

po(p) = (3.1)

(@)

(93]
VA
o
o
VA
o

(3.22)
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(b) c<0 c>0
c 1 2
— < - for O < —
& S 2cosp DR (3.20)
¢ < 2cosy for 2n < i
~ — < =
H 4 5 SV =73
(©) c>0 c<0
€] 8cos y T
¢ " 4cody -1 VS 3 (3.x)
Ic]| 2 T T
— = — for - <y < —.
c cosy 3 2
Here for brevity we have introduced
- Ty
=—. 3.3
i E— (3.3)

We shall now calculate the finite-size corrections for the ground state and its excitations.
In [7] the structure of excitations in the framework of the BAE roots was obtained for
¢ <0, ¢ < 0. Our results immediately apply to the whole region (3.2), because we had to
ensure only that the ground state consists of}Lstrings which follows from the TBAE.

Since we are interested only in the lowest excitations, we disregard the bound states [7]
and consider those excitations given by holes in the ground-state distribution which are
located to the right (or left) of the real parts of all roots. The number of those holes we
call H* (H~). We follow the standard techniques developed in [9, 10].

For transparency we employ the notation of [11] as much as possible. We decompose

(1) (2)

on =pg +pg + Aoy (3.4)

where the upper index describes the two terms on the right-hand side of equation (3.1). The
basic equations are then

AE % 1
2NN =ey =i /_Dod,\ o () {N Xk:a(x — ) —aN(/\)}

+ém /OO dir o (1) {i’ D 80— ) — aN(x)} (3.5)
e -

and

o 1
Aoy(L) = —f du p(r — ) {NZm—m —aNm} (3.6)
o o

where the Fourier transform of the kerng()) is given by

B sinh((7/2 — y)w)
2sinh(wy /2) coshw (/2 -y /2))

The summation on the right-hand side of (3.5) and (3.6) is carried out over the real parts of

all the roots (without the holes). Using the Euler—MacLaurin formula, equations (3.5) and
(3.6) are rewritten as usual, e.g.,

P(w) = (3.7)
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on(L) = p (A — p$2 (1)

= Ood p(A Lso—ar p(h — AT
= /. on(wph—p) = o pOh = )+12N2mp( — A7)
A 1
(+ f_m du on (W) p(h — p) — oy PA—AD)
L 1 seoa (3.8)
TN o) )>' '

Here At (A7) is the real part of the largest (smallest) root. kog A™ the part in round
brackets can be omitted and after a shift equation (3.8) converts into a standard Wiener—
Hopf problem to be solved. In the expression foE both parts have to be kept, so we
need the solution fok > AT and A < A~, which are simply related (but not equal) by
symmetry.

For the solution withh. > A%, as usual we define

X1 (w) :/ d ot (L 4+ AT) dr (3.9)

o0

ox(h+ AT =

on(h+ AT forr=0
(3.10)

for A < 0.
After Fourier transformation equation (3.8) takes the form
X (@) + (1= P@) (X1 (@) = C(@) = Fy(@) + F-(0) = Cw)  (3.11)

where we have marked all given functions of our problem by a baiw) are defined as

above using instead efy the sumpS” + pi?. Moreover

_ 1 iw
Now we have to factorize the kernel
[1-Pw)]=G(G_(w) (3.13)

with G (w) holomorphic and continuous in the upper and lower half-planes, respectively.
Noting that

P(w,y)=K(w,m—y) (3.14)
whereK is the analogous function in [11], we take the factorization from there:
- iw\ 7 1 it —yow 1 iyo\T+ -
_ _ 1Y) @ - _ - _ 7Y - _
G (w) =+2yT <1 2)e [F (2 5 )F(2 5 )] G_(—w)

(3.15)

lﬁ(w)=i‘2°[ln (’;)JT;’” In (”;V)] (3.16)

It is chosen to fulfill

w 202

fod w|—> 00 g _2 1
Gy R 1+gl+g1+o<w3> 3.17)
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where
i b4 2

g1=-—12 - — ). A

=25 -7 (3.18)
After the necessary decomposition

G (@) Fi(0) = 0+(®) + 0 (o) (3.19)
equation (3.11) has the desired form
X -C - - - _ i, _
M — 04(w) =0 (0) — G_(») [X_(w) + C(») — F_(0)] = P(®)  (3.20)

Gi(w)

leading to an entire functio® (w) given by its asymptotics.

Py &L e (3.21)

12N20y(At) 2N 12N20y(A*)°
Equation (3.20) yields the solution faf, (w):
X1 (w) = C(w) + G1(@) [P(@) + O+ (»)]. (3.22)
For our purposes it is sufficient to put

exp(nA*/(n - y))

Fi(w) = T —lw(m —y)

(1+2cosy) (3.23)

and hence

Glin/(m —y)) exp(—w A" /(x — y))(1+ 2cosy)
T —iw(m —y) '

0i(w) =

(3.24)

Next we must determine by normalization the value of the integral
oo
[ on) @ = zno0) — 2y,
At
After a thorough analysis we found for our case that the relation

H Ht+H™ 1
AR A [vS + 2} (3.25)

holds wherev = y /7. Nevertheless, we shall not claim that equation (3.25) holds for all
possible states [10]; in particluar we expect effects like those described in [12] for higher
excitations. Then we have

(F00) — (Aﬂt)—i1 1+ S :tH+_H_
N N TEN\ TR E T
1/1
=+ (2 +A* 3.26
5 (307 (3.26)
yielding the important equation
Gi(im/(m —y))exp(—w AT /(m — y))(L+ 2cosy)
g
. 181 LI (3.27)

=_— — = A
2N  12N20y (A7) + N J/2v
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The other normalization equation is obviously

, e
W= i a T T mey ST/ )L+ 2008
(3.28)

Now we can proceed in the usual way, keeping in mind the changes arising especially from
the last two equations:

AEy T - = i _ i
=— (c+ 2ccosy)G ( ) [P < )
2N T—y T—y T—y
+ 0. (nlj_r V>i| exp(—r AT /(T —y)) + (AT & A7). (3.29)
After some algebra using equations (3.27) and (3.28), this turns out as
AEy 7m% (¢+2¢cosp) 1 N 1 (A+Y
2N 7w —y 1+42cosy 24N2  4N2y
1 1
S AL 3.30
+< sz g ))} (3.30)

Finally, for further interpretation we put it in the form
AE 2¢ + 4¢ cosy 1 27 (S%v  A?
N _ c+ ~y b4 _E7+7 Zv+7 (3.31)
2N 1+2cosy w—vy 6 4N2  4NZ2\ 2 2v
with A = (H* — H™)/2 as an integer number.

The momentum correctiol Py is obtained from relation (3.5) after substituting the

hole energy;, = —2érpS — 2émpl? by the hole momentum (see [8])

pr(A) = %arctar(sinh(n)\)/(n — y)) + arctargsinh(w 1) /(r — y))/ cosy) + constant
Comparing the asymptotics for largeof both e, (1) and p, (1) gives the speed of sound
and helps to shorten the calculation &fy. Therefore

APN T

2N 2 {4N2v
We are not interested in the constant term, it being some multipte of
Finally

[(A7)? - (A*)Z]} + constant (3.32)

27
APy = ———S.A. 3.33
W= o S: (3:33)
The interpretation of our result will be given in section 5. We stress once more that to
obtain equations (3.31) and (3.33) it was not necessary té6 put. The coupling constants

are only constrained to stay in the region (3.2).

4. Calculation of finite-size corrections for positive couplings

Now we consider regio@ > 0, ¢ > 0 and rely on the analysis of [1].
The ground state is given by two densitie§’? (1) for the real roots and” (1) for
the real parts of the (2+) strings. One has

o) = D) = s(0). (4.1)

2y coshmA/y) =
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The physical excitations are holes in those distributions. As in section 3 we consider only
holes situated to the right (or left) of all roots. With the usual technique and the results of
[1] we have obtained after some lengthy but straightforward calculations the basic system
for the density corrections

oo 1 M,
Aalgll/z)(k) :—/ d,bL S()\—M):N Z(S(M—gj)_o-lill)('u)}
o ~
&) = 1 X /2
Aoy’ (L) = —/ du s(h — ) N ZB(M — X)) —oy T (w) (4.2)
—o0 i=1

00 1 M
- / du r (O — ) {N D s(u—g) —o}ﬁ(u)} :
. r

We have denoted the real roots by(their number is\1,,) and the real parts of the strings
by & (their number isM1). The functionr(}) is given via its Fourier transform

sinh(w(r — 3y)/2)

R(w) = . 4.3

(@) = 3 sinftw (r — 2y)/2) coshwy /2) (4-3)
The energy correction takes the form

AEy (% 1 @2
o = —nc/_ood/\ s(L) iN ;m — ) —ay? 0

) 1 My

_m?/ dr s(2) {NZS(,\—@)_G;VD(A)}, (4.9)
S =

Once again we shall follow [11]. The maximum (minimum) real roots we A%)L and for
the strings we usa®, respectively. Instead of on@(w) we now haveCi(w) and Cy12(w)
generalized in an obvious way. The same applieB@). The main mathematical problem
is the factorization of a matrix kernel
1-K() ™= G (0)G_(w) with G_(w) =G (—w)'" (4.5)
(see [5]) and

0 S(w) exp(—iw (AT — AI/Z))) 4.6)
S(w) explio(A] — A)) R(w) ' '
G, is now a matrix function and;fr stands for its transposition. The two-component vector
0. (w) (see equation (3.19)) is

K(w) = <

G, (im/y)" (exp(—m AT L/y
0. (w) = + _/J/ ( p( 1J/rz ) . (4.7)
T —lwy exp(—m A7 /y)
As usual we define the constant matrices and G, by
wl—>00 1 1 1
Gi(w) ||—> 1+G1—+ G27 +0 <3> (4.8)
w w w

and as before one has

G, = 1G% (4.9)
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The two-component vectaP (w) is then

1 iw i
ToN 1/2) 1/2)
P) = 2N 12N201Y (A . 12N20‘N. (A7) 4.10)
_ i _ 19) i
2N 12820 P (A7) 12N20\7 (A7)
and therefore the shifted densities are expressed in the form
X1() ) ( Cr2(®) )
= + Gi(w) | P(w) + (w)]. 411
(x1+<w> @) +(@) [P(@) + 04 ()] (4.11)

Now it is necessary to find the analogue of equation (3.26) for the two counting functions.
Here it would be necessary to consider different cases depending on the fractiohg &f

or 2vS,/N. From our experience we know that the result of the finite-size corrections does
not depend on those fractions, while relations like (3.25) obviously do. As we are interested
only in the former, we shall proceed as straightforwardly as possible and consider only the
case with vanishing: fractions.

1/1
2y (£00) — 2P (AT = - (2 — S, + Hf/z) (4.12)
1/1
Z1(\]1)(:|:oo) _ Z](Vl)([\it) = :I:N (2 —2vS, + Hj:_t) . (4.13)
Easy counting leads to expressions for the numbers of the holes:

H; =28,

Hl/2 = ZSZ + 2M1 —N.
We expect modifications to these for non-vanishing fractions. We stress that both numbers

are even.
Equation (3.27) is now more complicated:

(4.14)

1
1 o
. - 1/2
Gl (SR TN g | 2V | -, 1oy A
m exp(—m A7 /y) * 1 1
2N 12N20 P (AT)

(4.15)
with the definitions

Bf\ 1 (-vS.+Hj 1 (8. —vS.+My—iN+ A2
Bi:< 1):< 1/2>:(7 s 172 > (4.16)

Bf N\ —2vs, + H N S, —2vS, £ AD
and
. H™ — H~
AD — i 5 i (4.17)
The other normalization condition is obviously
1
1
on?(0)\ 62| 12Nty | [ aN
DA+ - 1 +1Gy 1
On (Al) =
12N20P(AY) 2N
L Gelim/p)T (exp(—nAf/z/y)) (4.18)
14 exp(—nAir/y)
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After combining equations (4.18) and (4.15), from equation (4.4) we obtain
AEy _m <cexp(nAl/2/y))TG <in>[ 1 (1/21\/)
2Ny cexp(rAT/y) “\y 2\1/2N

1 1/12N% 2 (A )\ 1
+ | 2iG1 + + -G Y0 B
(2' ! )( 1/128% P (AT) 20+ O

+(AT < A™,BT < B). (4.19)

This result is valid for any positive andé. As in [5] no further progress can be made unless

the factorization is explicitly known, which up to now has not been the casec Eof = ¢

(conformal invariance) the problem simplifies and the final answer can be obtained.
After some lengthy calculations one arrives at

AEy 2c 1 1 2 T —3y _
=~ |-+ (Bf —BS) + BB —(BS 27 BT < B
2N y|:12N2+2((1 2) + BB — (B )>]+( B
(4.20)
which can be simplified to give
AEy 2nc| = 2 2n 2 1 Hy\?
= — 1-2v)8; Hyp— —
2N y : 64Nz T an? [( ) 4(1/2 2)
1-
+ (A<1/2))2 AVDIAD 4 = (A(D)Zl > ]} (4.22)

For ¢ # ¢ we expect the result to be much more complicated, but of the same gatér 1
As above the momentum correction is given from relat|on (4.4) after replagifiy =
2ems(L) by pi7? = arctan 8*/7 ande'” = 2¢ws()) by p!” = arctan&/7. The values of
the hole momenta are taken from [1] where an additionel fa:‘?‘tmrust be introduced to
take into account our definition of momentum (2.4).
As in section 3, comparing the asymptotics foe= ¢ gives the speed of sound and,
together with equation (4.20), the momentum correction

APN T (1 _ \2 2
oN — 2 {2[(31 —By)" — (B — B7)
- p— + p+ —\2 12y T3y
+ By B, — BBy — ((By)"— (BY) )m + constant (4.22)
Disregarding the constant (multiple af) we have
T H1 H]_ Hl 2
APy =AWy, — 1) - A0 (22 T2 4.23
=31 oo Lo (4.29)

5. Conclusions

In sections 3 and 4 we have determined the finite-size corrections of our model for two
different cases. Equations (3.31) and (3.33) give the result for region (3.2), while equations
(4.21) and (4.23) are valid far= ¢ = ¢ > 0. In both cases we have conformal invariance.
That seems to be the reason why during the calculations many terms cancel each other and
the result is simplified considerably.
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From the asymptotics of, and p, we find

2w ¢+ 2ccosy

— 5.1
w —y 14 2cosy g 1)

Vs =

for the speed of sound and from relation (3.31) the value of 1 for the central charge.
Equation (5.1) generalizes the former result obtained for equal (but negative) couplings [8].
Analogously it follows that
2
vs= 28 (5.2)
14

and the central charge equals 2 [1].
For completeness, we mention the heat capacities per site at low temperature given by

oI
3vs
where we have denoted the central charge:pto avoid confusion. Therefore

C =

(5.3)

1+ 2cosy —-T
C:—_+~ V~(JT Y) (5.4)
¢ + 2c¢ cosy 6

and
yT
C="——
3c
in agreement with former results [8]. Equation (5.4) generalizes our calculatioas=af.

The dimensionst, and the spins, of the primary operators follow from equations
(3.31) and (3.33):

S2v A2
Xn = ‘7 + Z (5.6)

Sn = S| Al (57)

(5.5)

for negative coupling. Itis interesting to compare this with the result fomﬁi(%) model,
wherev is simply replaced by + v. Equations (5.6) and (5.7) have to be understood in
the way that for general excited states (arbitrary holes and complex rg§otm)d A are
replaced by more complicated integer numbers [10].
For positive couplings
H 1

1 1 2
Xy = Z.(l — ZU)Szz + Z (Hl/Z _ 2) 4 (A(1/2))2 _ A(1/2)A(1) + é (A(l))

2 1—v
1—2v°
(5.8)

Whenv — 0 the first two terms agree with [4], while the other terms are connected with the
asymmetry of the state which was not considered there. The dimension of a general primary
operator depends on four integer numbers. The second of them measures an asymmetry
between the number of holes among real roots or strings, respectively. Once more, for more
complicated states the integers in equation (5.8) are replaced by other ones depending on
the concrete structure of the state. We mention that relation (5.8) can be ‘diagonalized’ to
resemble the expression of two models both of central charge 1:

2

11-2v) , 1(Hy2z—Hy/2)" 1_., 1

n= = §2 4 AR T ToA2 4 T
W=oT g s 2 Tt o1y,

A3 (5.9)
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with
A= A2 _ %A(l)

(5.10)
Ay =AW,
Expression (5.9) becomes even more symmetric if one remembers the first equation of (4.14)
and the definition (4.17). Then twice a certain number of holes is linked with its appropriate
asymmetry.

From equation (4.23) the spins of the primary operators are

H, Hy, Hp
= AV (g0 A (2 T2 5.11
S ‘ V2= o + > 2 ( )
and after using (5.10)
H
Sp = ‘Al (Hl/Z - 21> + AZSZ (512)

with the same symmetry as relation (5.9).

Finally, we determine the magnetic susceptibilities per site at zero temperature and
vanishing field from our finite-size results. That can be done, because the states we
have considered include those with minimum energy for a giefmagnetization) [13].
Differentiating twice the energy with respect $o gives the inverse susceptibility.

Hence
— 1+ 2cosy 11
X=n 4 —_+ = Sy~ = — (5.13)
Ay ¢ + 2c¢ cosy vs 2y
and
1 1 1 1
X (5.14)

Zﬂn—Zy:;Sn—Zy

respectively for the two cases, in agreement with earlier results [4, 5, 8]. Expression (5.13)
for general couplings in the region (3.2) had not been derived before.
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